dence time is increased, there is more time for reaction;
hence more sodium hydroxide is used, and the concentra-
tion of sodium hydroxide at the outlet of the reactor starts
dropping, as can be seen in Figure 3. But as soon as a
time equivalent to the new residence time lapses, the con-
centration effect comes into play and the sodium hydroxide
concentration increases. The response curve takes a re-
verse direction when methyl acetate flow is increased, as
can be seen in Figure 4. The tests were conducted at dif-
ferent flow rates; it was found that for even small changes
in flow rate the response followed the pattern described
below.

In conclusion, there are many factors which affect re-
actor outlet concentration response, but the important
factors that determine the shape of unsteady state response
curves are changes in residence time and changes in con-
centration of the reactants at the inlet of the reactor. The
RTD model presented in this paper satisfactorily simu-
lates the dynamics of a tubular reactor for these types of
upsets.

NOTATION

Ca = concentration of sodium hydroxide at the outlet

of the reactor, mole/liter

Ca1 = concentration of sodium hydroxide entering reac-
tor before upset, mole/liter (based on stream A)
Ca1 =actual concentration of sodium hydroxide at the

inlet of the reactor, after upset (based on mixed

streams of A and B) = Csr mole/liter

A1

Fa1 + Fp

Car = concentration of sodium hydroxide entering reac-
tor after upset, mole/liter (based on stream A)

= steady state concentration of sodium hydroxide at
the outlet of the reactor before upset, mole/liter

Casy = steady state concentration of sodium hydroxide at
the outlet of the reactor after upset, mole/liter

Cap = actual concentration of sodium hydroxide at the

inlet of the reactor before upset (based on mixed

CASO

Fao

— (4 mole/liter
Fao + Fpo

streams of A and B) =

Cpi =concentration of methyl acetate entering reactor
before upset, mole/liter (based on stream B)

Cpi  =actual concentration of methyl acetate at the inlet
of the reactor, after upset, (based on mixed streams
of Aand B) = Fz1 Cpr mole/liter

Fa1 + Fpy

Cpo = actual concentration of methyl acetate at the inlet
of the reactor, before upset (based on mixed
streams of A and B) = —————FBO Cg1 male/liter

Fao + Fpo

Cpr = concentration of methyl acetate entering reactor
after upset, mole/liter (based on stream B)

Fa =flow rate of sodium hydroxide after upset, liter/
min,

Fp; = flow rate of methyl acetate after upset, liter/min.

Fao = flow rate of sodium hydroxide before upset, liter/
min,

Fpo = flow rate of methyl acetate before upset, liter/min.

My = Cgo— Ca

No =Cpo/Cao

~—r4 ==reaction rate, moles/ (liter) (min.)

t = time

T, = residence time after upset, V/(Fay + Fgi) min.

T,  =residence time before upset, V/(Fpo + F Bo) nin,

\% = volume of reactor, liter

Xs = conversion of A

T = space time
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Stretching of Viscoelastic Liquids

M. M. DENN and G. MARRUCCI

University of Delaware, Newark, Delaware

Analyses of stretching of a viscoelastic liquid have been interpreted os showing thot there
is @ maximum stretch rote to which the material can be subjected, and several physical
phenomena have been explained on this basis. It is shown here theoretically and experimentally

that the' concept of o limiting stretch rate does not have general validity,

Analyses of the stretching of a viscoelastic liquid have
been interpreted to show that extremely large tensile
stresses will be experienced in elongational processes which
are rapid relative to a characteristic liquid relaxation time
(6, 7). We show here that the notion of a limiting stretch
rate does not have general validity.

THEORY

' We'assume that the liquid behavior can be represented
by a convected Maxwell model

bs¥
H N = 9 pdil
™+ o n 1)
Tﬁ:__pgif_*_,rﬂ (2)
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Here /bt is Oldroyd’s derivative
i i
b _ 87 4 gty — gkiph ikl
hiz ot
We visualize the stretching of a column of liquid whose
axis is oriented in the x! direction, for which the kinemat-
ics are represented in Cartesian coordinates by

(3)

1 1
ol =T(#)xl, v?2=— —Q-‘-I‘(t)x2 3= — -E-I‘(t)x3

(4)

r'(t), the stretch rate, is an arbitrary function of time.
Equation (1) then reduces to the uncoupled system

aril

TR [ e 2I‘(t)711] =2 ul'(t) (5)
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Fig. 1. Tensile stress relative to Newtonian tensile stress versus

time relative to reloxation time.

24N [t—szr r(t)rﬂ] = — ul'(t) (6)

The stretching of a liquid element is a transient process
for which the virgin state, defined as ¢ = 0, is unstressed.
Equations (4) and (5) are readily integrated to yield

Al = %’ij: exp [ - j: (%_ 2r(o) ) do-] r(¢)de

(7)

S22 = _%J;t exp [ —-f: (-i——}-r(a’) ) da'] T(¢)d¢
(8)

The condition of a free surface in the direction normal
to the axis of stretching requires that T%2 be zero, in which
case we obtain the total axial stress as

t
TH — 1 _7222%"; exp [—(t — £)/)]

{ 2 exp[ 2}: I'(o)ds ]

+ exp [ - J:I‘(c)dcr]} r(¢)d¢  (9)

For simplicity we denote T!! by T, v by v, and «! by x.
Utilizing the kinematics, one can express Equation (9) as

¢
T = %J; exp [— (2 — £)/x]

D) Y =0
G ) S frow o

The tensile stress in a Newtonian liquid, which we denote
by Ty, is obtained by taking the limit of Equation (10)
a8 \ goes to zero:

Ty = lim T = 8 ur(t) (11)
A0
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Equation (11) is the usual Trouton result, in which the
tensile stress is proportional to the instantaneous stretch
rate.

CONSTANT STRETCHING

The limiting case of constant stretching is most easily
analyzed and has been used frequently to interpret physi-

cal phenomena. Here T is a constant and the kinematics are
x = xpeFt v =T xgelt (12)

Equation (10) can then be integrated to give

= 8 ur ~ d e— (1—2AIt/x
(1 = 2AT) (1 4+ A1) 1 -2
—_ _ﬁr___ e~ (+ADL  (13)
14ar

The limiting behavior as t = < for 2 AT < 1 is simply the
constant term, which contains the factor 1 — 2 AT in the
denominator. This limiting behavior has been obtained
without regard to transients in previous analyses and has
been interpreted to suggest that the maximum stretch
rate possible in a viscoelastic liquid is always defined by
2 A = 1 and that extremely large tensile stresses will
always be experienced with stretching that approaches
the limiting value (6, 7). That such reasoning is not en-
tirely correct is demonstrated in Figure 1, where T/Ty is
plotted versus t/\ for various values of AI. In particular,
at the limiting value the stress satisfies the equation

T2 (st ) ziem g
Ty 9 A

and does not even reach the level of stress in a Newtonian
liquid until after a time slightly greater than one relaxation
time. An order of magnitude increase above the New-
tonian stress requires 15 relaxation times and a relative

ULLLLLLLLLL LSS IS LIS

FIXED
CYLINDER

STRETCHED
LIQUID
COLUMN

MOVING
CYLINDER

Fig. 2. Schematic diogram of experimental
apparatus.

January, 1971



().4r
- A NEWTONIAN
z o VISCOELASTIC
Z o3k
[&]
<I
]
G
2oz
1)
>
o
.
ud
o

00

0

CAMERA FRAMES (/1280 sec.}

Fig. 3. Displacement of lower cylinder relative to equilibrium posi-
tion versus time. Origin on the time axis is uncertain.

elongation of more than three orders of magnitude.

The curve for 2 \I' = 1 does represent a critical condi-
tion in the sense that for stretch rates lying below that
value the rate of increase of relative tensile stress with
reduced time is bounded and a finite asymptote is ap-
proached. while for higher stretch rates the increase in
tensile stress is exponential and there is no finite asymp-
tote. For 2 AI' >>> 1 the stress behavior is approximate by

. 2
Jim Tl e b (-x_)
TN 3\ 3T X0

(13)

EXPERIMENTAL PROCEDURE

We have carried out a simple experimental demonstration
of the absence of a limiting stretch rate in a viscoelastic liquid.
The apparatus is shown in Figure 2. A liquid column is held by
two cylinders, the lower pulled rapidly downward by a strong
spring. The cylinders are initially Hlush, and the motion of the
lower cylinder is initiated by shearing a pin which also breaks
an electrical circuit and starts a high-speed motion picture
camera operating at 1,280 frames/sec. The filled mass of the
lower cylinder is m = 1,820 g. and the spring constant
k = 6.34 X 107 dynes/cm., which for the Newtonian liquid
used here results in a contribution to the motion of the lower
cylinder from liquid tensile forces which are estimated to be
three orders of magnitude less than the spring force. The posi-
tion and velocity of the lower cylinders are then approximated
by a simple mass spring system, and estimated stretch rates are
in excess of 100 sec.” 1

Data were obtained on a Newtonian liquid of 86% (volume)
glycerine in water, with a viscosity of 0.91 poise, and a visco-
clastic liquid of 0.15% (weight) Separan AP30 in 15% (weight)
glycerine and water. The latter (known locally as Supergoop)
is characterized on a Weissenberg rheogoniometer by

t12 = 17.3 4043 (16)
Til — 122 = 108 40.59 (17)

where the stresses are measured in dynes per square centimeter
and the shear rate v in reciprocal seconds. A is calculated from
the equation

1l . y22
A= — (18)
2 v 112

Figure 3 shows the motion of the lower cylinder for New-
tonian and viscoelastic liquids. The location of an origin is
uncertain to within one camera frame. It is evident that the
kinematical behavior of Newtonian and viscoelastic liquids is
identical. For the data shown the stretch rates are in excess
of 200 sec.™!, leading to values of AT' computed from Equa-
tions (16) to (18) more than an order of magnitude in excess
of the critical value AI' = 0.5 over a relative time of order
0.25 ¢/). Were there any validity in the notion of a critical
stretch rate, the kinematics would have been substantially
altered or there would have been fracture of the liquid column,
which was not observed.
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DISCUSSION

The notion of a limiting stretch rate has been used to
interpret numerous phenomena in viscoelastic fluid me-
chanics (6, 7, 10). The insensitivity of heat transfer probes
to the external velocity field, one such phenomenon (3,
7) has more recently been shown (II) to be a conse-
quence of changes in flow structure resulting from veloci-
ties in excess of the velocity for propagation of shear waves
in a viscoelastic medium (2), resolving the apparent
paradox of probe diameter independence implicit in the
critical stretch rate analysis. Similarly, the stresses in a
converging flow field have been shown to be large but
finite (4, 5), and not adequate to explain the Uebler
effect, in which a bubble is held stationary just prior to
the entrance to a small tube from a large reservoir (6).
This latter effect, too, may depend upon phenomena re-
lated to the wave velocity.

We wish to emphasize that during rapid stretching a
viscoelastic material is responding like a solid, as sug-
gested in several previous publications (I, 8) and illus-
trated nicely by Middleman (9), who implicitly employs
some of the observations of this paper. In the case of
stretching, however, over a significant time scale solid-
like behavior implies small stresses rather than large.
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NOTATION

d¥ = deformation rate tensor
g% = metric tensor

P = isotropic pressure

t = time

T = tensile stress

Ty = Newtonian tensile stress
T% = total stress tensor

xt = position

ol = velocity

Greek Letters

y = shear rate

r = stretch rate

)y = relaxation time
p = viscosity

T4 = extra stress tensor
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